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SOME TOPOLOGICAL CONSIDERATIONS ON SEMISTAR
OPERATIONS
CARMELO ANTONIO FINOCCHIARO AND DARIO SPIRITO
Abstract. We consider properties and applications of a new topology, called
the Zariski topology, on the space SStar(A) of all the semistar operations on an
integral domain A. We prove that the set of all overrings of A, endowed with
the classical Zariski topology, is homeomorphic to a subspace of SStar(A).
The topology on SStar(A) provides a general theory, through which we see
several algebraic properties of semistar operation as very particular cases of
our construction. Moreover, we show that the subspace SStarf (A) of all the
semistar operations of finite type on A is a spectral space.
Introduction
The notions of star operation, introduced by Krull in [20], and that of a system
of ideals, studied extensively by E. Noether, H. Pru¨fer, and P. Lorentzen from the
1930s, play a central role in the study of the multiplicative structure of the ideals
of a ring. These notions represent a natural and abstract setting to study problems
on factorization of ideals. For a recent contribution on this circle of ideas see, for
instance, [19].
There are two main ways to generalize star operations: the first is through
semiprime operations (see [6] and [29]; however, note that they were born inde-
pendently from the star operation setting), while the second is through the use of
semistar operations, introduced by A. Okabe and R. Matsuda in [23]. Semistar
operations represent a very powerful tool for classifying domains according to the
properties of their ideals, allowing more flexibility than “classical” star operations.
Such operations are also closely related to the theory of Kronecker function rings.
For a deeper insight on the recent developements on this topic, see [8], [10], [11],
[12], [21], [22].
The main goal of this paper is to use a topological approach to extend results in
the literature concerning algebraic properties of semistar operations. Some moti-
vation for studying the multiplicative structure of the ideals of an integral domain
from a topological point of view can be found in [8]. In this paper the authors
endowed the Riemann-Zariski space Zar(A) (see [30]) of all the valuation over-
rings of an integral domain A with several topological structures (the Zariski, the
constructible and the inverse topologies) and studied the interplay between the
topological properties of a given subspace of Zar(A) and the algebraic properties
of the semistar operation determined by such a subspace. By using this approach,
the authors investigated, from a topological point of view, the representations of
an integrally closed domain as an intersection of valuation overrings.
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In the meanwhile, B. Olberding in [25] defined the Zariski topology on the space
Over(A) of all overrings of an integral domain A in such a way that both the set of
localizations of A (with the topology induced by the Zariski topology of Spec(A))
and Zar(A) become subspaces of Over(A). The main idea of Section 2 is to consider
the set SStar(A) of all semistar operations on A and to endow it with a new Zariski
topology, in such a way that Over(A) is identifiable canonically with a subspace of
SStar(A) (Proposition 2.5). After giving the main properties of the Zariski topology
on SStar(A), we relate the compactness of the subspaces of SStar(A) with the finite
type property of their infimum (with respect to the natural order on SStar(A)). We
show (Proposition 2.7) that the infimum of a compact family of semistar operations
of finite type is of finite type, answering a question ! posed in [4], and that the
converse is true when each operation of the family is induced by a localization of
A or by a valuation ring (Corollary 4.4 and Proposition 4.5). We also conjecture
that the converse is true for any family of overrings. Then, we specialize the study
of the Zariski topology on the subspace SStarf (A) of all the semistar operations on
A of finite type and we show that this space is spectral (Theorem 2.13). The proof
we give is not constructive; it would be interesting to know if there is a canonical
way to find a ring whose prime spectrum is homeomorphic to SStarf (A).
In Section 3, we show that the Zariski topology on SStar(A) has a natural func-
torial property, in the sense that if A ⊆ B is an extension of integral domains, there
is a natural continuous map SStar(B) −→ SStar(A), which is an embedding if B
has the same quotient field as A.
The last section of the paper is devoted to a deeper study of the semistar op-
erations induced by localizations of A, which are usually called spectral semistar
operations. Their study has been motivated by the possibility of relating the prop-
erties of a semistar operation ⋆ with the properties of its stable closure ⋆˜, which
is always a spectral operation of finite type. We find a necessary and sufficient
condition for the equality of the stable closure of two semistar operations (Propo-
sition 5.1), and identify the stable closure of a semifinite semistar operation (the
definition will be recalled later). Both of these results are topological in nature,
using the inverse topology of the Zariski topology.
1. Background material
We begin with some definitions and preliminary results. In the following with
the term ring we always mean a commutative ring with identity. Let A be a ring.
In the following, the set Spec(A) will be often (but not always) endowed with the
Zariski topology, i.e. the topology whose closed sets are of the form
V (a) := {p ∈ Spec(A) : p ⊇ a}
for any ideal a of A. The sets of the form D(f) := Spec(A)− V (fA) (f ∈ A) form
a basis of open sets for the Zariski topology.
1.1. Semistar operations. Let A be an integral domain and K be the quotient
field of A. Any ring B such that A ⊆ B ⊆ K will be called an overring of A. We
will use the following notation:
• f(A) is the set of all nonzero finitely generated fractional ideals of A.
• F(A) is the set of all nonzero fractional ideals of A.
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• F(A) is the set of all nonzero A-submodules of K.
Of course, we have f(A) ⊆ F(A) ⊆ F(A). For any F ∈ F(A), G ∈ F(A) ∪ {0}, set
(F : G) := {x ∈ K : xG ⊆ F}.
In 1994 A. Okabe and R. Matsuda (see [23]) introduced the notion of a semistar
operation. A semistar operation on A is a function ⋆ : F(A) −→ F(A), F 7→ F ⋆
satisfying the following axioms, for any nonzero element k ∈ K and every F,G ∈
F(A):
• (kF )⋆ = kF ⋆;
• F ⊆ G implies F ⋆ ⊆ G⋆;
• F ⊆ F ⋆;
• (F ⋆)⋆ = F ⋆.
If ⋆ is a semistar operation on A, a submodule F ∈ F(A) is called ⋆-closed if
F = F ⋆. An integral ideal a of A is called a quasi-⋆-ideal of A if either a = (0) or
a⋆ ∩ A = a. It follows easily by definition that a⋆ ∩A is a quasi-⋆-ideal of A.
If A is ⋆-closed, then ⋆ is called a (semi)star operation, while ⋆|F(A) is called a
star operation. For background on star operations, see [13].
The set SStar(A) of all the semistar operations on A is endowed with a natural
partial order, defined by ⋆ ≤ ⋆′ if and only if F ⋆ ⊆ F ⋆
′
, for any F ∈ F(A). It is
well known that ⋆ ≤ ⋆′ if and only if every nonzero ⋆′-closed A-submodule of K is
also ⋆-closed. Moreover, if ⋆ ≤ ⋆′, then a quasi-⋆′-ideal of A is also a quasi-⋆-ideal,
but the last condition does not imply that ⋆ ≤ ⋆′.
A prime ideal of A that is a quasi-⋆-ideal is called a quasi-⋆-prime ideal of A. A
maximal element in the set of all the proper quasi-⋆-ideals is called quasi-⋆-maximal
ideal of A. We will use the following notation:
• QSpec⋆(A) is the set of all the quasi-⋆-prime ideals of A.
• QMax⋆(A) is the set of all the quasi-⋆-maximal ideals of A.
It is easy to see that QMax⋆(A) ⊆ QSpec⋆(A). If ⋆ is of finite type, then a straight-
forward application of Zorn’s Lemma shows that each proper quasi-⋆-ideal is con-
tained in a quasi-⋆-maximal ideal of A.
Example 1.1.1. This example lists some useful specific semistar operations and
several techniques to construct specific classes of semistar operations and new semis-
tar operations from old ones.
(a) d := dA denotes the identity semistar operation on A.
(b) If B is an overring of A, we denote by ⋆{B} the semistar operation on A defined
by setting F ⋆{B} := FB, for any F ∈ F(A).
(c) Let ⋆ be a semistar operation on A. We can associate a new semistar operation
⋆f on A by setting
F ⋆f :=
⋃
{G⋆ : G ∈ f(A) and G ⊆ F},
for any F ∈ F(A). We call the semistar operation ⋆f the finite type closure of
⋆. We call ⋆ a semistar operation of finite type if ⋆ = ⋆f . Note that (⋆f )f = ⋆f ,
and thus ⋆f is a semistar operation of finite type. In the following, we shall
denote by SStarf (A) the set of the semistar operations of finite type on A.
(d) v denotes the divisorial semistar operation on A, defined by F v := (A : (A : F )),
for any F ∈ F(A). The finite type closure of v is usually denoted by t. Note
that t (resp. t|F(A)) is the biggest (semi)star operation (resp., star operation)
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of finite type [26, Lemma 1.12]. Furthermore, if A is integrally closed, then it
is a Pru¨fer domain if and only if t|F(A) is the identity [13, Proposition 34.12].
(e) Let S be a nonempty collection of semistar operations on A. Then
∧
(S) is the
semistar operation on A defined by setting
F
∧
(S) :=
⋂
{F ⋆ : ⋆ ∈ S} for any F ∈ F(A)
It is easy to see that
∧
(S) is the infimum of S in the partially ordered set
(SStar(A),≤). Moreover, the semistar operation∨
(S) :=
∧
({σ ∈ SStar(A) : σ ≥ ⋆, for any ⋆ ∈ S})
is the supremum of S in the partially ordered set (SStar(A),≤).
(f) Let Y be a nonempty collection of overrings of A. By (e), ∧Y :=
∧
({⋆{B} :
B ∈ Y }) is a semistar operation on A. In other words, the semistar operation
∧Y is defined by setting
F∧Y :=
⋂
{FB : B ∈ Y } for any F ∈ F(A).
(g) If Y is a collection of valuation overrings of A, then ∧Y is called a valutative
semistar operation. In particular, when Y is the set of all the valuation overrings
of A, ∧Y is called the b-semistar operation (or integral closure) on A.
(h) Let X be a nonempty collection of prime ideals of A. The semistar operation
sX := ∧{Ap:p∈X} is called a spectral semistar operation.
(i) We say that a semistar operation is stable if (F ∩ G)⋆ = F ⋆ ∩ G⋆ for any
F,G ∈ F(A). Since localization commutes with finite intersections, any spectral
semistar operation is stable.
(j) Let ⋆ be a semistar operation on A. For any F ∈ F(A) set
F ⋆˜ :=
⋃
{(F : a) : a is a finitely generated ideal of A and a⋆ = A⋆}.
Then ⋆˜ is a stable and of finite type semistar operation on A, called the stable
closure of ⋆. By [12, Corollary 3.5(2)], we have QMax⋆f (A) = QMax⋆˜(A), and
⋆˜ = sQMax⋆f (A). Thus, ⋆˜ is spectral. More precisely, by [9, Corollary 3.9(2)],
the following conditions are equivalent:
(i) ⋆ = ⋆˜.
(ii) ⋆ is stable and of finite type.
(iii) ⋆ is spectral and of finite type.
1.2. Spectral spaces. Let X be a topological space and let Y ⊆ X . We will
denote by Ad(Y ) the closure of Y . A topological space is called spectral if it is
homeomorphic to the prime spectrum of a ring, endowed with the Zariski topology.
In [17], the author shows that a topological space is spectral if and only if it is
compact (i.e., every open cover has a finite subcover), admits a basis of open and
compact subspaces that is closed under finite intersection, and every irreducible
closed subset has a unique generic point (i.e., it is the closure of a unique point).
Let X be a spectral space, O its topology. It is possible to endow X with another
classical topological structure by taking, as basis of closed sets, the collection of
all the open and compact subspaces of (X,O). The topology obtained is called
the inverse topology on X . Denote by X inv the set X , endowed with the inverse
topology, and by Adi(Y ) the closure of a subset Y of X , with respect to the inverse
topology. By [17, Proposition 8], X inv is a spectral space and Adi({x}) ⊆ Adi({y})
if and only if Ad({y}) ⊆ Ad({x}) (this justifies the choice of the name of this
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topology). Moreover, for every subset Y ⊆ X , Adi(Y ) is compact, with respect to
the topology O [8, Remark 2.2 and Proposition 2.6].
2. The Zariski topology on the set of all semistar operations
The main goal of this paper is to define and study a new topology on the set of
all semistar operations on an integral domain and to investigate how the algebraic
properties and the topological properties of semistar operations are related. In the
following, A is an integral domain and K is the quotient field of A.
Definition 2.1. The Zariski topology on SStar(A) is the topology for which a
subbasis of open sets is the collection of all the sets of the form VF := V
(A)
F :=
{⋆ ∈ SStar(A) : 1 ∈ F ⋆}, as F ranges among the nonzero A-submodules of K. The
Zariski topology on SStarf (A) is just the subspace topology of the Zariski topology
on SStar(A).
The following remark will help to focus on the most basic properties of the Zariski
topology on SStar(A).
Remark 2.2. We preserve the notation of the beginning of the present section.
The following statements hold.
(a) The semistar operation ∧{K} (which sends every nonzero submodule H to the
quotient field K of A) is clearly the maximum of (SStar(A),≤). Since each
VF contains ∧{K}, so does every nonempty open set; hence ∧{K} is a generic
point of SStar(A). Moreover, since ∧{K} is obviously of finite type, we infer
that SStarf (A) is a dense subspace of SStar(A).
(b) The identity operation d is contained in VF if and only if 1 ∈ F , and thus if and
only if VF = SStar(A). Hence every nonempty closed set contains d: therefore,
if ⋆ ∈ SStar(A) \ {d}, then {⋆} is not closed. We will see that {d} is closed in
SStar(A) in the following Proposition 2.3.
(c) The topology of SStar(A) is naturally linked to the order ≤, in the following
sense. If U ⊆ SStar(A) is an open neighborhood of ⋆ and ⋆′ ≥ ⋆, then ⋆′ ∈ U .
As a matter of fact, by definition there are A-submodules F1, . . ., Fn of K such
that ⋆ ∈
⋂n
i=1 VFi ⊆ U . Since ⋆
′ ≥ ⋆, we have 1 ∈ F ⋆i ⊆ F
⋆′
i , for i = 1, . . ., n,
and thus ⋆′ ∈
⋂n
i=1 VFi ⊆ U .
(d) The Zariski topology of SStarf (A) is determined by the finitely generated frac-
tional ideals of A, in the sense that the collection of the sets of the form
UF := VF ∩ SStarf (A), where F varies among the finitely generated fractional
ideals of A, is a subbase. As a matter of fact, it suffices to note that, for any
A-submodule G of K, we have
VG ∩ SStarf (A) =
⋃
{UF : F ∈ f(A), F ⊆ G}.
Proposition 2.3. We preserve the notation of the beginning of the present section.
Then, for any ⋆ ∈ SStar(A), we have
Ad({⋆}) = {⋆′ ∈ SStar(A) : ⋆′ ≤ ⋆}.
In particular, {d} is the unique closed point in SStar(A).
Proof. The inclusion ⊇ follows by Remark 2.2(c). Conversely, if ⋆′ 6≤ ⋆, then there
is a A-submodule F ofK such that F ⋆
′
* F ⋆; hence, if x ∈ F ⋆
′
\F ⋆, then ⋆ /∈ Vx−1F
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while ⋆′ ∈ Vx−1F . Therefore, SStar(A) \ Vx−1F is a closed set containing ⋆ but not
⋆′, and ⋆′ /∈ Ad({⋆}).
Since d is the smallest semistar operation, with respect to ≤, the last statement
is now clear (see also Remark 2.2(b)). 
Proposition 2.4. We preserve the notation given at the beginning of the present
section. Then, the following statements hold.
(1) The topological space SStar(A) is T0.
(2) The canonical map Φ : SStar(A) −→ SStarf (A), ⋆ 7→ ⋆f is a topological
retraction.
Proof. (1). By Proposition 2.3, for any semistar operation ⋆, ⋆′ on A, we have
Ad({⋆}) = Ad({⋆′}) if and only if ⋆ = ⋆′, i.e., SStar(A) satisfies the T0 axiom.
(2). The fact that Φ|SStarf (A) is the identity follows immediately by definition.
Moreover, Φ is continuous since, for any F ∈ f(A), we have Φ−1(UF ) = VF , and
{UF : F ∈ f(A)} is a subbase of SStarf (A) by Remark 2.2(d). Thus Φ is a
topological retraction. 
The next goal is to justify the fact that we have called the topology on SStar(A)
the Zariski topology. First of all, recall that the set Over(A) of all the overrings of
an integral domain A can be endowed with the Zariski topology whose basic open
sets are those of the form BF := {C ∈ Over(A) : F ⊆ C}, where F ranges among
the finite subsets of the quotient field of A (see [25]), or, equivalently, among the
finitely generated fractional ideals of A. As we saw in the previous section, we
can associate to each D ∈ Over(A) the semistar operation (of finite type) ∧{D}
such that F 7→ FD, for any F ∈ F(A). Thus we can define a natural map φ :
Over(A) −→ SStarf (A), D 7→ ∧{D}, and, since obviously A
∧{D} = D, for any
D ∈ Over(A), we infer immediately that φ is injective. In the following Proposition
we will show more.
Proposition 2.5. We preserve the notation given at the beginning of this section
and endow Over(A) and SStarf (A) with their Zariski topologies. Then the natural
map φ : Over(A) −→ SStarf (A), D 7→ ∧{D}, is a topological embedding.
Proof. First, we show that φ is continuous, and it is enough to show that, for any
finitely generated fractional ideal F of A, the set φ−1(UF ) is open in Over(A). Since
D ∈ φ−1(UF ) ⇐⇒ ∧{D} ∈ UF ⇐⇒ 1 ∈ F
∧{D} ⇐⇒ 1 ∈ FD,
we have φ−1(UF ) = {D ∈ Over(A) : 1 ∈ FD}. Fix a ring D ∈ φ−1(UF ). Then
there are d1, . . . , dn ∈ D, f1, . . . , fn ∈ F such that 1 = d1f1 + · · · + dnfn. Hence
1 ∈ FC, for each C ∈ B{d1,...,dn}, and thus C ∈ φ
−1(UF ). Therefore, B{d1,...,dn} is
an open neighborhood of D contained in φ−1(UF ), which is thus open.
Finally we show that the image via φ of an open set V of Over(A) is open in
φ(Over(A)) (endowed with the subspace topology). Without loss of generality, we
can assume that V = BF , for some finite subset F := {f1, . . ., fn} of K−{0}. First,
consider the open set U :=
⋂n
i=1 Uf−1i
of SStarf (A). If ⋆ ∈ φ(BF ), then ⋆ = ∧{C}
for some C ⊇ F ; hence fi ∈ C for every i and 1 ∈ f
−1
i C, i.e., 1 ∈ (f
−1
i )
∧{C} . Thus
we have φ(BF ) ⊆ U ∩ φ(Over(A)).
Conversely, if ⋆ ∈ U ∩ φ(Over(A)), then ⋆ = ∧{C} and 1 ∈ (f
−1
i )
∧{C} for every
i; it follows that fi ∈ C for every i, and thus C ∈ BF . The equality φ(BF ) =
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U∩φ(Over(A)) shows that φ(BF ) is open in φ(Over(A)). The proof is now complete.

The map φ defined above is only rarely surjective (or, equivalently, an homeo-
morphism). We shall need the following fact.
Remark 2.6. An integrally closed domain R is a Pru¨fer domain if and only if t = d.
Indeed, the latter condition is equivalent to the divisoriality of every nonzero finitely
generated ideal. This happens if and only if R is a Pru¨fer domain, by [14, proof of
Theorem 5.1].
By [24, Theorem 2.3], the map φ defined above is surjective if and only if, for
every D ∈ Over(A), the unique star operation of finite type is the identity. Every
Pru¨fer domain has this property; conversely, if φ is surjective, consider the integral
closure A of A. Then, t = d on A, and thus A is a Pru¨fer domain, by Remark 2.6.
We now investigate the algebraic interpretation of compactness for the subspaces
of SStarf (A).
Proposition 2.7. We preserve the notation given at the beginning of the present
section, and let ∆ be a compact subspace of SStarf (A). Then, the semistar operation∧
(∆) is of finite type.
Proof. Set ∆ := {⋆i : i ∈ I}, ⋆ :=
∧
(∆), fix a A-submodule F of K and let x ∈ F ⋆.
Since F ⋆ =
⋂
i∈I F
⋆i , and each ⋆i is of finite type, there are finitely generated
ideals Gi ⊆ F such that x ∈ G
⋆i
i ; thus, for any i, 1 ∈ x
−1G⋆ii = (x
−1Gi)
⋆i and ⋆i ∈
Ux−1Gi =: Ωi. Therefore, {Ωi : i ∈ I} is an open cover of ∆, and by compactness
it admits a finite subcover {Ωi1 , . . . ,Ωin}. Set G := Gi1 + · · ·+Gin ⊆ F ; we claim
that x ∈ G⋆, and this implies that ⋆ is of finite type.
For every i ∈ I, there is at least a Ωji such that ⋆i ∈ Ωji ; hence ⋆i ∈ Ux−1Gji
and 1 ∈ (x−1Gji)
⋆i , i.e., x ∈ G⋆iji ⊆ G
⋆i . Therefore, x ∈
⋂
i∈I G
⋆i = G⋆. 
Corollary 2.8. We preserve the notation given at the beginning of the section and
let Y be a compact subspace of Over(A). Then, the semistar operation ∧Y is of
finite type.
Proof. Apply Propositions 2.5 and 2.7. 
Recall that a subspace Y of Over(A) is locally finite if any nonzero element of A
is non-invertible only in finitely many rings of Y . The following result generalizes
[1, Theorem 2(4)].
Proposition 2.9. We preserve the notation given at the beginning of this section.
Let {Bi : i ∈ I} be a locally finite family of overrings of A and, for any i ∈ I, let ⋆i
be a semistar operation of finite type on Bi. Then the map ⋆ : F 7→
⋂
i∈I(FBi)
⋆i
is a semistar operation of finite type on A.
Proof. Let ⋆♯i be the map ⋆
♯
i : F 7→ (FBi)
⋆i . Borrowing Proposition 3.1(2), we note
that ⋆♯i is a semistar operation on A of finite type, since ⋆i is of finite type on Bi.
Moreover, ⋆ =
∧
(∆), where ∆ := {⋆♯i : i ∈ I}, and by Proposition 2.7 it suffices to
show that ∆ is compact.
Let U be an open cover of ∆. By Alexander’s subbasis Theorem, we can assume
that each set in U is a subbasic open set of the Zariski topology. Choose an ideal
F ∈ f(A) such that UF ∈ U and let x0 ∈ F − {0}. By local finiteness, there is
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a finite subset I ′ ⊆ I such that x0, x
−1
0 ∈ Bi, for any i ∈ I − I
′. Thus we have
1 = x0x
−1
0 ∈ FBi ⊆ (FBi)
⋆i =: F ⋆
♯
i , for any i ∈ I − I ′. For every i ∈ I, there is a
Fi such that ⋆
♯
i ∈ UFi ; hence, {UFi : i ∈ I
′} ∪ {UF} is a finite subcover of U , and
thus ∆ is compact. 
Corollary 2.10. Let Y be a locally finite subset of Over(A). Then, ∧Y is of finite
type.
Proof. Apply the previous Proposition by taking the identity semistar operation
on each ring in Y . 
We now show that the order structure of the intersection of a nonempty family
of subbasic open sets of the Zariski topology is particularly simple.
Proposition 2.11. We preserve the notation of the beginning of this section and
let {VFi : i ∈ I} be a nonempty family of subbasic open sets of the Zariski topology
of SStar(A). The following statements hold.
(1)
⋂
{VFi : i ∈ I} is a complete lattice (as a subset of the partially ordered set
(SStar(A),≤)).
(2)
⋂
{VFi : i ∈ I} is a compact subspace of SStar(A). In particular, VF is
compact for every F ∈ F(A).
Proof. Set V :=
⋂
i∈I VFi and let ∆ be a nonempty subset of V . By Example 1.1(e),
♯ :=
∨
(∆) and ♭ :=
∧
(∆) are, respectively, the supremum and the infimum of ∆
in SStar(A). Thus it suffices to show that ♯, ♭ ∈ V . Clearly, ♯ ∈ V , because ♯ ≥ ⋆,
for any ⋆ ∈ ∆, and thus ♯ belongs to each open set containing some ⋆, by Remark
2.2(c). Furthermore, for any i ∈ I we have
1 ∈
⋂
⋆∈VFi
F ⋆i ⊆
⋂
⋆∈V
F ⋆i =: F
♭
i ,
and thus ♭ ∈ V . Statement (1) is completely proved.
Now let U be an open cover of V . By (1), ♭ ∈ V , and thus there is an open set
U0 ∈ U such that ♭ ∈ U0. Finally, by Remark 2.2(c), U0 must contain the whole V .
Statement (2) is now clear. 
The next goal is to show that SStarf (A), endowed with the Zariski topology, is
a spectral space. To do this, we will use the following lemma, whose proof, mutatis
mutandis, is based on the argument given in [2, p. 1628] in the star operation
setting. If σ1, . . ., σn are semistar operations on A we denote by σ1 ◦ . . . ◦ σn the
usual composition of σ1, . . ., σn as functions.
Lemma 2.12. Let Y be a nonempty collection of semistar operations of finite type
on an integral domain A. Then
∨
(Y ) is of finite type and, for any F ∈ F(A), we
have
F
∨
(Y ) =
⋃
{F σ1◦...◦σn : σ1, . . ., σn ∈ Y, n ∈ N}.
Theorem 2.13. Preserve the notation given at the beginning of the present section.
The set SStarf (A), endowed with the Zariski topology, is a spectral space.
Proof. Let U be an ultrafilter on X := SStarf (A) and let S := {UF : F ∈ f(A)}
be the canonical subbasis of the Zariski topology. In view of [7, Corollary 3.3], it
suffices to show that the set
XS(U ) := {⋆ ∈ X : [∀UF ∈ S, ⋆ ∈ UF ⇐⇒ UF ∈ U ]}
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is nonempty. By Propositions 2.7 and 2.11, any semistar operation of the form∧
(UF ) (where F ∈ f(A)) is of finite type. Thus the semistar operation ⋆ :=∨
({
∧
(UF ) : UF ∈ U }) is of finite type. We claim that ⋆ ∈ XS(U ). Fix a finitely
generated fractional ideal F of A. It suffices to show that ⋆ ∈ UF if and only
if UF ∈ U . First, assume ⋆ ∈ UF , i.e., 1 ∈ F
⋆. By Lemma 2.12, there exist
finitely generated fractional ideals F1, . . ., Fn of A (not necessarily distinct) such
that 1 ∈ F
∧
(UF1)◦...◦
∧
(UFn ) and UFi ∈ U , for any i = 1, . . ., n. Take a semistar
operation σ ∈
⋂n
i=1 UFi . By definition, σ ≥
∧
(UFi), for i = 1, . . ., n, and thus
1 ∈ F
∧
(UF1)◦...◦
∧
(UFn ) ⊆ F σ◦...◦σ = F σ,
i.e, σ ∈ UF . This shows that
⋂n
i=1 UFi ⊆ UF and thus, by definition of ultrafilter,
UF ∈ U , since UF1 , . . ., UFn ∈ U . Conversely, assume that UF ∈ U . This implies
that
∧
(UF ) ≤ ⋆. By definition, 1 ∈ F σ, for each σ ∈ UF , and thus
1 ∈
⋂
σ∈UF
F σ =: F
∧
(UF ) ⊆ F ⋆.
The conclusion is now clear. 
Corollary 2.14. Preserve the notation given at the beginning of the present section.
The set (S)Starf (A) of all the (semi)star operations of finite type, endowed with the
subspace Zariski topology, is a spectral space.
Proof. For every F ∈ f(A), let U ′F := (S)Starf (A) ∩ UF . Clearly, a subbasis of the
subspace topology of (S)Starf (A) is {U
′
F : F ∈ f(A)}. Moreover, if U
′
F 6= ∅, then its
infimum is equal to the infimum of UF , and the supremum of a family of (semi)star
operations is still a (semi)star operation. Hence, in the proof of Theorem 2.13, the
map ⋆ :=
∨
({
∧
(U ′F ) : U
′
F ∈ U }) is a (semi)star operation, and thus we can apply
the same proof to get the statement. 
3. Functorial properties
Let A ⊆ B be an extension of integral domains, and let K be the quotient field
of A. For any semistar operation ⋆ ∈ SStar(B) we can define a semistar operation
σ(⋆) ∈ SStar(A) by setting
F σ(⋆) := (FB)⋆ ∩K,
for every nonzero A-submodule F of K. Thus the inclusion induces a natural map
σ : SStar(B) −→ SStar(A), ⋆ 7→ σ(⋆).
Proposition 3.1. Preserve the notation given at the beginning of the present sec-
tion. The following statements hold.
(1) The map σ is continuous.
(2) If ⋆ ∈ SStar(B) is of finite type, then so is σ(⋆); i.e., σ restricts to a map
SStarf (B) −→ SStarf (A).
Proof. (1) Let F ∈ F(A). Then we have:
σ−1(V
(A)
F ) = {⋆ ∈ SStar(B) : σ(⋆) ∈ VF } = {⋆ ∈ SStar(B) : 1 ∈ F
σ(⋆)} =
= {⋆ ∈ SStar(B) : 1 ∈ (FB)⋆} = V
(B)
FB .
Since FB ∈ F(B), σ is continuous.
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(2) Let I ∈ F(A) and x ∈ Iσ(⋆); then x ∈ (IB)⋆, and thus there are y1, . . . , yn ∈
IB such that x ∈ (y1B + · · · + ynB)⋆. For every yi, there is a finitely generated
A-module Fi ⊆ I such that yi ∈ FiB; let F := F1+ · · ·+Fn. Then F ⊆ I is finitely
generated (as an A-module), and y1B+ · · ·+ ynB ⊆ FB; therefore, x ∈ (FB)⋆ and
x ∈ F σ(⋆). Thus σ(⋆) is of finite type. 
We note in the following result that the map σ defined above exhibits better
properties when A and B have the same quotient field.
Proposition 3.2. We preserve the notation of the beginning of the present section,
and suppose in addition that B is an overring of A. If ⋆ ∈ SStar(B), the following
statements hold.
(1) σ(⋆)|
F(B) = ⋆;
(2) σ is injective;
(3) σ(⋆) is of finite type if and only if so is ⋆.
Proof. The first point is straighforward, since if I is a B-module, then Iσ(⋆) =
(IB)⋆ = I⋆; the second follows immediately from the first one.
For the third one, suppose σ(⋆) is of finite type and let x ∈ I⋆. Then x ∈ Iσ(⋆),
and thus there is a finitely generated A-module F ⊆ I such that x ∈ F σ(⋆). Hence,
x ∈ (FB)⋆, and ⋆ is of finite type. By Proposition 3.1(2), the proof is complete. 
Remark 3.3. If the quotient fields of A and B are different, then σ could fail to
be injective: the simplest example is obtained when B is not a field but contains
the quotient field K of A, since for every ⋆ ∈ SStar(B) and every I ∈ F(A),
Iσ(⋆) = (IB)⋆ ∩ K = K⋆ ∩ K = K. The injectivity is not preserved even if we
suppose B ∩ K = A: for example, let A be a rank one discrete valuation ring, L
a field containing K and define B as the integral closure of A in L. If B is not
local (e.g., if A = Z(p) and L is an algebraic extension of Q where p splits), then
σ is not injective, since |SStar(A)| = 2 ([27, Proposition 4.2]) while B admits at
least 3 semistar operation of finite type: the identity, ∧{L} and ∧{BP }, where P is
a maximal ideal of B.
In the same way, σ(⋆) could be of finite type even if ⋆ is not and B ∩K = A:
for example, let Z be an indeterminate over C, set A = C[Z] and let B be the ring
of all entire functions. Then the map ⋆ defined by
F 7→ F ⋆ :=
⋂
α∈C
FB(Z−α) for any F ∈ F(B)
is a (semi)star operation on B which is not of finite type. Indeed, since B is a
Be´zout domain [16], all finitely generated ideals are quasi-⋆-ideals but, if b ( B is
free ideal (i.e., the functions belonging to b have no common zeros), then clearly
b⋆ = B, while for any finite subset {f1, . . ., fn} of b, we have ((f1, . . ., fn)B)⋆ =
(f1, . . ., fn)B ⊆ b ( B. This shows that ⋆ is not of finite type. Since B∩C(Z) = A,
σ(⋆) is a (semi)star operation on A, and it is not hard to see that it is the identity,
a! nd thus of finite type.
Proposition 3.4. We preserve the notation of the beginning of the present section
and suppose that B is an overring of A. Then
σ(SStar(B)) = {⋆ ∈ SStar(A) : ⋆ ≥ ∧{B}} = {⋆ ∈ SStar(A) : B ⊆ A
⋆}.
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Proof. If ⋆ ∈ σ(SStar(B)), then ⋆ = σ(⋆′), for some ⋆′ ∈ SStar(B), and, for every
I ∈ F(A),
Iσ(⋆
′) = (IB)⋆ ⊇ IB = I∧{B}
and thus ⋆ ≥ ∧{B}.
If ⋆ ≥ ∧{B}, then A
⋆ ⊇ A∧{B} = AB = B.
If B ⊆ A⋆ and I ∈ F(A), then I⋆ is a B-module, since for every b ∈ B we have
bI⋆ = (bI)⋆ ⊆ (A⋆I)⋆ = (AI)⋆ ⊆ I⋆. Hence, ⋆|
F(B) ∈ SStar(B) and it is easy to see
that ⋆ = σ(⋆). 
Proposition 3.5. We preserve the notation of the beginning of the present section
and assume that B is an overring of A. Then the map σ : SStar(B) −→ SStar(A)
is a topological embedding.
Proof. Let F ∈ F(B). By Propositions 3.1(1) and 3.2(2), it is enough to show that
σ(V
(B)
F ) is open in σ(SStar(B)).
Since B is an overring of A, then F is an A-module and thus is defined the open
set V
(A)
F . But, since F
⋆ = F σ(⋆) for every ⋆ ∈ SStar(B) (Proposition 3.2), we have
σ(V
(B)
F ) = V
(A)
F ∩ σ(SStar(B)), which is an open set in σ(SStar(B)). The proof is
now complete. 
4. Spaces of local rings
Let A ⊆ B be a ring extension. Let L(B|A) denote the set (possibly empty) of
the local subrings of B containing A. We can define on L(B|A) a topology just by
taking as a basis of open sets the collection of the sets of the form L(B|A[F ]), where
F runs in the collection of all the finite subsets of B. We will cal this topology the
Zariski topology on L(B|A). When A is an integral domain and B is the quotient
field of A, then L(A) := L(B|A) is simply the space of all the local overrings of A.
By [5, Lemma 2.4], there is a canonical topological embedding
ι : Spec(A) −→ L(A) p 7→ Ap.
Moreover, L(A) is obviously a subset of Over(A), and the inclusion L(A) −→
Over(A) is easily seen to be a topological embedding, when the two sets are endowed
with the respective Zariski topologies.
Lemma 4.1. Let A ⊆ B be a ring extension and consider the canonical map
λ : L(B|A) −→ Spec(A) sending a local ring C ∈ L(B|A) with maximal ideal mC
into the prime ideal mC ∩ A of A.
(1) λ is continuous.
(2) If A is an integral domain and B is the quotient field of A, then λ is a
topological retraction.
Proof. It suffices to note that λ−1(D(f)) = L(B|A[f−1]), for any element f ∈
A. 
Proposition 4.2. Let A be an integral domain, Y be a nonempty subspace of L(A)
and assume that ∧Y is a semistar operation of finite type. If λ : L(A) −→ Spec(A)
is the canonical continuous map, then λ(Y ) is compact.
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Proof. Let {D(fi) : i ∈ I} (fi ∈ A) be a collection of basic open sets of Spec(A)
such that
⋃
{D(fi) : i ∈ I} ⊇ λ(Y ). Thus for any B ∈ Y there is an element iB ∈ I
such that fiB /∈ mB∩A. Since B is local and fiM ∈ A ⊆ B, we have f
−1
iB
∈ B. Thus,
if a is the ideal of A generated by the set {fi : i ∈ I}, we infer immediately that
1 ∈ aB, for any B ∈ Y , i.e., 1 ∈ a∧Y . Since ∧Y is of finite type, there is a finitely
generated ideal b of A contained in a such that 1 ∈ b∧Y . Of course, we can assume,
without loss of generality, that a finite set of generators of b is {fj : j ∈ J}, where
J is a suitable finite subset of I. It suffices to show that
⋃
{D(fj) : j ∈ J} ⊇ λ(Y ).
If, for some B ∈ Y , we had (fj : j ∈ J) ⊆ mB ∩ A, it would follow that bB ⊆ mB,
against the fact tha! t 1 ∈ b∧Y . The proof is now complete. 
The following corollary is an immediate consequence of Propositions 2.7 and 4.2.
Corollary 4.3. Preserve the notation of Proposition 4.2 and let Y be a subspace
of L(A) such that λ|Y is a topological embedding. Then ∧Y is a semistar operation
of finite type if and only if Y is compact.
The following Corollary is an improvement of [9, Corollary 4.6].
Corollary 4.4. Let A be an integral domain and let ∆ ⊆ Spec(A). Then s∆ is a
semistar operation of finite type if and only if ∆ is compact.
Proof. Apply the previous Corollary, keeping in mind that the restriction of λ :
L(A) −→ Spec(A) to the set ι(Spec(A)) is clearly an homeomorphism (cf. [5,
Lemma 2.4]). 
Proposition 4.5. Let A be an integral domain and Y be a nonempty collection of
valuation overrings of A. Then, ∧Y is of finite type if and only if Y is a compact
subspace of L(A).
Proof. The sufficient condition is proved in [8, Theorem 4.13]. It follows also from
Corollary 2.8, since L(A) is a subspace of Over(A).
Conversely, assume that ∧Y is of finite type and let U be an open cover of Y .
Clearly, a subbasis of open sets of Y , as a subspace of L(A), consists of the sets
of the form Bf := {V ∈ Y : f ∈ V }, for any element f of the quotient field K of
A. Thus, by Alexander’s subbasis Theorem, we can assume that U = {Bfi : i ∈ I}
and that every fi is nonzero. If F is the A-submodule of K generated by the set
{f−1i : i ∈ I}, then, by definition, 1 ∈ F
∧Y and, since ∧Y is of finite type, there
is a finitely generated A-submodule G of F such that 1 ∈ G∧Y . Of course, we can
assume that G = ({f−1j : j ∈ J}), where J is some finite subset of I. We claim that
{Bfj : j ∈ J} is a (finite) subcover of U . If not, there is a valuation domain V ∈ Y
such that fj /∈ V , for any j ∈ J , and hence f
−1
j is an element of the maximal ideal
m of V , f! or any j ∈ J . Since 1 ∈ G∧Y , we infer, in particular, that 1 ∈ GV ⊆ m,
a contradiction. The proof is now complete. 
Remark 4.6. If Y is the space of all the valuation overrings of an integral domain,
then ∧Y = b is the integral closure. It is well known (see e.g. [30, Appendix 4] or
[18, Section 6.8]) that an element x ∈ K is in Ib if and only if there is an integer
n and there are elements a1, . . . , an ∈ K such that ai ∈ Ii and xn + a1xn−1 +
a2x
n−2 + · · · + an = 0. Using this equivalence, it is easy to see that b is of finite
type, and thus Proposition 4.5 implies that Y is compact.
SOME TOPOLOGICAL CONSIDERATIONS ON SEMISTAR OPERATIONS 13
In view of Corollaries 2.8 and 4.4 and Proposition 4.5, if Y is either a collection
of localization of an integral domain A or a collection of valuation overrings of A,
then compactness of Y is equivalent to the requirement that ∧Y is of finite type.
This gives evidence to the following
Conjecture. Let Y be any subspace of L(A). If ∧Y is of finite type, then Y is
compact.
5. Spectral semistar operations
Let A be an integral domain and K be the quotient field of A. As we saw in
Section 1, a semistar operation ⋆ on A is spectral if there is a nonempty set Y of
prime ideals of A such that ⋆ = sY , i.e.
F ⋆ = F sY :=
⋂
p∈Y
FAp for any F ∈ F(A).
Following [28], two semistar operations ⋆1, ⋆2 on A are called weakly equivalent if
⋆˜1 = ⋆˜2.
Proposition 5.1. Let A be an integral domain and let Y, Z be nonempty subsets
of Spec(A). Then, the following conditions are equivalent.
(i) sY and sZ are weakly equivalent.
(ii) Adi(Y ) = Adi(Z), that is, Y and Z have the same closure, with respect
to the inverse topology.
(iii) If a is a finitely generated ideal of A and D(a) := Spec(A) − V (a), then
Y ⊆ D(a) if and only if Z ⊆ D(a).
Proof. As a preliminary, note that if a := (f1, . . ., fn)A is a finitely generated ideal
of A, then D(a) =
⋃n
i=1D(fi) is an open and compact subspace of Spec(A) and
thus it is, by definition, a basic closed set, with respect to the inverse topology.
Conversely, if D(a) is compact and a = (fλ)λ∈Λ, then D(a) =
⋃
λ∈ΛD(fλ) =⋃n
i=1D(fλi) = D(b), where b = (fλ1 , . . . , fλn) is finitely generated.
Suppose that condition (ii) holds. Thus, for any finitely generated ideal a of A,
we have Y ⊆ D(a) if and only if Adi(Z) = Adi(Y ) ⊆ D(a) = Adi(D(a)), if and
only if Z ⊆ D(a); hence, (iii) holds.
Conversely, assume that condition (iii) holds, and let Ω be an open and compact
subspace of Spec(A), i.e., Ω = D(a), for some finitely generated ideal a of A. Then
Ω ⊇ Y if and only if Ω ⊇ Z, i.e., by definition, Adi(Y ) = Adi(Z), and (ii) holds.
To conclude, we show that (i) and (iii) are equivalent. By [28, Proposition
2.4(iii)], sY and sZ are weakly equivalent if and only if for any finitely generated
ideal a of A, we have asY = AsY ⇐⇒ asZ = AsZ . By basic properties of
localizations, the last statement is clearly equivalent to condition (iii). The proof
is now complete. 
Corollary 5.2. Let A be an integral domain and Y be a subset of Spec(A). Then
s˜Y = sAdi(Y ).
Proof. By Section 1.2, the set Adi(Y ) is compact, with respect to the Zariski topol-
ogy. Hence the stable semistar operation sAdi(Y ) is also of finite type, by Proposi-
tion 2.7, and thus sAdi(Y ) = s˜Adi(Y ). The conclusion follows now immediately from
Proposition 5.1. 
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Remark 5.3. Note that the finite type closure of a spectral semistar operation
may be not spectral (see [3, pag. 2466]). For example, let A be an essential domain
that is not a PvMD (see [15]), and let Y be a subset of Spec(A) such that Ap is
a valuation domain, for any p ∈ Y and A =
⋂
{Ap : p ∈ Y }. By [13, Proposition
44.13] we have (sY )f = t, but t is not spectral since the fact that A is not a
PvMD implies that there are finitely generated fractional ideals F,G of A such
that (F ∩G)t 6= F t ∩Gt [1, Theorem 6].
An integral domain is called a DW domain if the semistar operations d and
w := t˜ are the same. For example, all Pru¨fer domains are DW domains, as are
one-dimensional domains.
Corollary 5.4. For an integral domain A, the following conditions are equivalent.
(i) A is a DW domain.
(ii) Every Y ⊆ Spec(A) such that
⋂
P∈Y AP = A is dense in Spec(A), with
respect to the inverse topology.
(iii) QMaxt(A) is dense in Spec(A), with respect to the inverse topology.
Proof. (i=⇒ ii) If A is a DW domain and
⋂
P∈Y AP = A, then sY is a star operation
and therefore s˜Y ≤ v˜ = w = d = sSpec(A); hence Y is dense in Spec(A).
(ii=⇒ iii) It is enough to note that
⋂
P∈QMaxt(A)AP = A.
(iii=⇒ i) If QMaxt(A) is dense, then w = sQMaxt(A) = sSpec(A) = d. 
Following [12], we say that a semistar operation ⋆ on an integral domain A is
quasi-spectral or semifinite if every proper quasi-⋆-ideal is contained in some quasi-
⋆-prime ideal. Of course, this condition is equivalent to the requirement that, for
any ideal a of A, we have QSpec⋆(A) ⊆ D(a) := Spec(A) − V (a) if and only if
a⋆ ∩ A = A.
The following example will show that the class of the semifinite semistar opera-
tions is very ample.
Example 5.5. Let A be an integral domain.
(a) If ⋆ is a finite type semistar operation, then every proper quasi-⋆ ideal is con-
tained in some quasi-⋆-maximal ideal, which is prime (see Section 1.1). Thus
every semistar operation of finite type is semifinite.
(b) If S := {⋆i : i ∈ I} is a nonempty family of semifinite semistar operations
on A, then ⋆ :=
∧
(S) is semifinite. Indeed, let a be a proper quasi-⋆-ideal of
A. Then, by definition, for some i0 ∈ I, we have 1 /∈ a⋆i0 , i.e., a⋆i0 ∩ A is
a proper quasi-⋆i0-ideal of A. By assumption, there is a quasi-⋆i0-prime ideal
p containing a⋆i0 ∩ A and, since ⋆ ≤ ⋆i0 , p is a quasi-⋆-prime ideal. Finally
a = a⋆ ∩A ⊆ a⋆i0 ∩ A ⊆ p.
(c) By part (a) and (b), every semistar operation of the form ∧Y , where Y is a
nonempty subspace of Over(A), is semifinite.
(d) Not all semistar operations are semifinite: for example, if (V,M) is a valuation
domain of dimension 1 which is not discrete, then Mv = V , and thus every
nonzero principal ideal is a v-ideal which is not contained in any v-prime. In
general, if (V,M) is a valuation domain, the v-operation is semifinite if and
only if Mv =M , if and only if the v-operation coincides with the identity.
Remark 5.6. As we saw in Example 5.5(a), every semistar operation of finite type
is semifinite. The converse is not true. To see this, by Corollary 4.4 and Example
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5.5(c), it suffices to consider a spectral semistar operation of the form s∆, where
∆ is a non-compact collection of prime ideals. For a somewhat extreme example,
consider the ring A := K[X0, . . . , Xn, . . .] of the polynomials in infinitely many
indeterminates over a field K, and let ∆ be the set of finitely generated prime ideals
of A. We claim that s∆ has no quasi-⋆-maximal ideals. Indeed, ifM ∈ QMax
s∆(A),
then M s∆ 6= As∆ , and thus MRP 6= RP for some finitely generated prime ideal P .
Since P ∈ QSpecs∆(A), it follows that M = P , i.e., M is finitely generated. Let
M = (f1, . . . , fn), and choose an indeterminate XN which does not appear in any
fi. Then the ide! al M
′ generated by M and XN is prime and finitely generated,
and thus it is in QSpecs∆(A). However, M ′ is also strictly greater than M , against
the maximality of M .
While Remark 5.5(b) implies that the infimum of a family of finite type semis-
tar operations is semifinite, not every semifinite operation arises this way, as the
following example shows.
Example 5.7. Let A be a non-local Dedekind domain and let K be the quotient
field of A: then, A admits proper overrings different from K, and every proper
overring of A is not a fractional ideal of A. In fact, if B ∈ Over(A) is a fractional
ideal of A, then it is finitely generated as an A-module, and thus integral over A.
On the other hand, A is integrally closed, since it is Dedekind, and thus A = B.
Define a semistar operation ⋆ on A by setting
F ⋆ :=
{
F if F ∈ F(A)
K if F ∈ F(A) − F(A)
Clearly, ⋆ is semifinite (every prime ideal is ⋆-closed) but not of finite type since, if
B is a proper overring of A different from K, we have B⋆ = K and, on the other
hand, ⋃
{F ⋆ : F ∈ f(A), F ⊆ B} =
⋃
{F : F ∈ f(A), F ⊆ B} = B ( K.
Let ♯ be a semistar operation of finite type such that ♯ ≥ ⋆. We claim that ♯ = ∧{K}.
Since ♯ ≥ ⋆, every ♯-closed nonzero A-submodule of K is ⋆-closed. Since it is well
known that A∗ is an overring of A for every semistar operation ∗, A♯ is a ⋆-closed
overring of A, and thus either A♯ = A or A♯ = K. In the first case, ♯|F(A) is a star
operation of finite type and, since A is, in particular, a Pru¨fer domain, ♯|F(A) is the
identity, by the final part of Example 1.1(d). Keeping in mind that ♯ is of finite
type it follows that, for any F ∈ F(A), we have
F ♯ =
⋃
{G♯ : G ⊆ F,G ∈ f(A)} =
⋃
{G : G ⊆ F,G ∈ f(A)} = F,
i.e., ♯ is the identity semistar operation on A, against the fact that ♯ ≥ ⋆ > d.
Thus the only case that may occur is A♯ = K. In this case, it is easy to infer that
♯ = ∧{K}. Since ⋆ 6= ∧{K}, ⋆ is not the infimum of a family of semistar operations
of finite type.
Proposition 5.8. Let A be an integral domain and let ⋆ be a semifinite semistar
operation on A. Then ⋆˜ = sAdi(QSpec⋆(A)).
Proof. Since Y := Adi(QSpec⋆(A)) is compact (Section 1.2), we have sY = s˜Y .
Keeping in mind that ⋆˜ = sQMax⋆f (A) = ˜sQMax⋆f (A), by Proposition 5.1 it is enough
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to show that Adi(Y ) = Adi(QMax⋆f (A)). Let a be a finitely generated ideal of A
and set D(a) := Spec(A)− V (a). Since ⋆ is semifinite we have
QMax⋆f (A) ⊆ D(a) ⇐⇒ a⋆ ∩ A = A ⇐⇒ QSpec⋆(A) ⊆ D(a).
By Proposition 5.1, the conclusion is now clear. 
The following corollary is now immediate.
Corollary 5.9. Let A be an integral domain and let ⋆1, ⋆2 be semifinite semistar
operations on A. Then ⋆˜1 = ⋆˜2 if and only if Ad
i(QSpec⋆1(A)) = Adi(QSpec⋆2(A)).
In particular, ⋆˜ = d if and only if QSpec⋆(A) is dense in Spec(A) with respect to
the inverse topology.
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